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Abstract 

We use twisted stable maps to answer the following question. Let E C IP 2 be a 
smooth cubic. How many rational degree d curves pass through a general points of 
E , have b specified tangencies with E and c unspecified tangencies, and pass through 
3d — 1 — a — 2b — c general points of P 2 ? The answer is given as a generalization of 
Kontsevich's recursion. We also investigate more general enumerative problems of this 
sort, and prove an analogue of a formula of Caporaso and Harris. 

1 Introduction 

It is well-known that Gromov-Witten theory can be used to answer questions in enumerative 
geometry. This dates back to Kontsevich's celebrated recursion for the number of rational 
plane curves passing through 3d — 1 general points (here k,£ > 1). 



k+t=d 1 v 7 v 7 



d > 2 



In this paper, we follow up on the results of [Cal, Ca2] by showing that the Gromov-Witten 
invariants of a certain Deligne-Mumford stack, F 2 E 2 , are enumerative. Here E C P 2 is a 
smooth cubic, and 2 is obtained from P 2 by applying the square root construction along 
E, which was defined in [Cal]. The main property of this stack which makes it interesting 
for enumerative geometry is that a morphism / : C — > P 2 from a smooth connected curve C 
such that f{C) <£. E lifts to a morphism C — > V% 2 ^ an< ^ om Y ^ f*E nas even multiplicity 
at every point. This leads to the idea that the stack of twisted stable maps to l°°ks 
like a stack of maps to P 2 with tangency conditions imposed. This was verified in [Cal]. 

In [CH], Caporaso and Harris found a recursion which computes the number of plane 
curves of genus g passing through a specified number of points and having certain contact 
conditions with respect to a line. These contact conditions come in the form of kth order 
contacts at specified points of the line or at unspecified points. This was generalized by Vakil 
[Va] , who solved the corresponding problem with the line replaced by a smooth rational curve 
on a rational surface (see [ibid] for hypotheses). In particular, he solved the problem for 
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contacts with a smooth plane conic. This paper is a step towards solving the problem for a 
smooth plane cubic E. 

We answer the following question. Given integers a, b, c, d satisfying appropriate con- 
ditions for the question to be sensible, how many rational degree d curves meet E in a 
specified order 1 contacts, b specified order 2 contacts, and c unspecified order 2 contacts, 
and pass through 3d — 1 — a — 26 — c general points in P 2 . Here by a specified contact, we 
mean that we have chosen a general point of E and require the curve to pass through this 
point and have a certain order of contact there. By an unspecified contact, we mean that 
the contact occurs at an arbitrary point distinct from the specified points. We require all 
these contacts to occur at smooth points of the rational curve. We show that for general 
choices of points, the rational curves satisfying these conditions have at worst nodal singu- 
larities, none of which lie on E . In section 4 we denote this number by Nd(a, b, c) , and the 
solution is given in equations 4.3-4.5. A maple program implementing this recursion can be 
downloaded from the author's homepage. 

In section 2, we begin by recalling facts that we proved elsewhere. Then we use some 
results of Caporaso and Harris to prove some nice facts about the stack of twisted stable 
maps into F 2 D r . Finally, we discuss the relation between deformations of a map from a 
twisted curve having a separating node with deformations of the maps from the two curves 
obtained by normalizing the node. This is essential to prove enumerativity of the Gromov- 
Witten invariants. 

In section 3, we show that the number of curves with specified contacts to a smooth 
curve in P 2 equals an intersection number on the stack of twisted stable maps. Then we 
give a relation between these numbers which was inspired by the recursion of Caporaso and 
Harris [CH]. In fact, it is the formula one would expect to get if the curves being deformed 
were not allowed to break into pieces. In our case they cannot, because a rational curve 
cannot map onto a curve of positive genus. 

In section 4, we derive the main result modulo the proof of enumerativity, which is given 
in section 5. 

Several results in this paper can easily be generalized, but in the interest of efficiency we 
restrict attention to plane curves. 

Notation and Conventions 

As is common in enumerative geometry, we work over C. Throughout this paper, D 
denotes a smooth plane curve of degree 5 > 3 . 
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2 Deforming morphisms from twisted curves into P| 



In this section we review some facts about twisted stable maps into Xo, r and then study 
their deformations. When the domain is smooth and does not map into D , a twisted stable 
map is equivalent to an ordinary map with tangency conditions to D imposed. Much of 
what we need to understand deformations in this case is already worked out in [CH], and 
we review their results. We also study deformations of a twisted stable map preserving a 
node. 

2.1 Review of twisted stable maps 

Twisted stable maps were defined by Abramovich and Vistoli in [AS/]. We are interested 
in twisted stable maps into a particular kind of stack. Let D C P 2 be a smooth curve 
of degree 5 > 3 and let r be a positive integer. In [Cal], we introduced the rth root 
construction, which produces a Deligne-Mumford stack P|) r . Locally it is the quotient of 
a cyclic r sheeted covering of P 2 which it totally ramified along D by the /i r -action [Cal, 
2.15]. In [Ca2, §2.1], it is shown that there is a discrete invariant on the stack of twisted 
stable maps into P 2 ^ r called the contact type. If n is the number of marked points, then 
the contact type is an n -tuple of integers between and r — 1 . The contact type allows for 
a nice characterization of maps from smooth twisted curves into F 2 D r . 

The following proposition is a consequence of [Cal, 3.9]. Note that since we assumed 
5 > 3, no rational curve can map onto D. 

Proposition 2.1 Let <£ be a smooth, n-marked, genus twisted curve over a scheme S 
and let f : £ — > F 2 D r be a twisted stable map of positive degree and contact type g. Let C be 
the coarse moduli space of €. with induced markings o~i C C , and let f : C — > P 2 be induced 
by f . Then there is an effective Cartier divisor Z C C such that 

n 

f*D = rZ + J2Qi°i- (2-1) 

i=i 

Moreover, given a morphism f : C — > P 2 and an effective Cartier divisor Z C C , there 
is a unique (up to isomorphism) twisted curve £ with coarse moduli space C and a unique 
twisted stable map f : £ — > P 2 ^ with contact type g which induces f . 

The expected dimension of the stack X ^ n (F 2 D r , d, g) is 

d(3-5) + ^(d5-^2gi)+n- 1. (2.2) 
This was computed in equation 3.7 of [Ca2]. 

Definition 2.2 We define %Q n (F 2 D r ,d, g) as follows. Define an irreducible component of 
3C , n (Piv, ^' $ ^° ^ e if th e general map in that component has a smooth source curve 

and maps birationally onto its image. Let IX C %l n {¥ 2 D r1 d, g) be the open substack obtained 
by removing all the bad irreducible components, and let %Q n (F 2 D r ,d, g) be its stack-theoretic 
closure. 
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Note that %q (¥ 2 D ,d,g) has an open dense substack which is a scheme. Indeed, the 
general map in each irreducible component has no automorphisms, and %o tn (F 2 D r ,d) has a 
projective coarse moduli scheme [AV, 1.4.1]. 



2.2 Maps from smooth twisted curves 

We begin with an easy lemma about certain types of infinitesimal deformations. Let X be 
a nonsingular curve, let Y be a nonsingular surface, let / : X — > Y be a morphism whose 
differential df : Tx — ► /*Ty is an injection of sheaves, and let D C V be a nonsingular 
curve. Let M be the cokernel of df , and let /*£> = X^Li 0»P»> wnere Pi G C are distinct 
points and ^ > 0. Assume that df is injective on fibers at each p^. 

Lemma 2.3 The first order infinitesimal deformations of f which fix Y (but not necessarily 
X ) and preserve the multiplicities Qi (but not the points X{ ) are naturally in bijection with 

iJ°(x,Ar(-E(ft-iK))- 

Proof: First we recall the construction which identifies first order deformations of / fixing 
Y with H°(X,J\f). Let I = Spec k[e]/(e 2 ), and suppose we have the following commutative 
diagram. 



Y 




X c *X 

□ 

Spec k c 

Cover X by aflines U . Since X and X have the same underlying topological space, we get 
an open covering of X by aflines U so that Ui embeds into Ui as (Ui) re d- Since nonsingular 
affine varieties have no nontrivial first order deformations, there are isomorphisms ipi : 
Ui x I — > Ui. On the overlaps Uy, ipj 1 o ip i determines a derivation G H°(Uij, Tjj..) . 
These form a 1-cycle, and hence determine an element a G H 1 (X,Tx) ■ 

On Ui, the morphisms F and tpi determine a morphism : Ui x I — > Y, and hence a 
derivation $ G H°(X, f*T Y \ui) ■ The commutative diagram 

Ui i x l^L^Ua — %■ Ua x I 




shows that on Uj we have /3j = df(a,ij) + It follows that the fa glue to give an element 
f3 G H°(X,J\f) . This is independent of the choices and identifies the first order deformations 
with H°(X,JV). 

We need a necessary and sufficient condition for the first order deformation corresponding 
to (3 to preserve the multiplicities of f*D. For this we can reduce to the affine situation 
Ui = Spec S — > Spec R C Y and assume that f*D = gp for some p e Ui. Let r 6 i? be 
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a local equation for D and s G S a local equation for p so that f*r = us 8 with m 6 S a 
unit. The derivation $ G Derc(-R, S 1 ) sends r to f*r + /3j(r)e. This defines a multiplicity g 
divisor if and only if there are elements v,w,x,y <E S with i> a unit such that 

■us^ + Pi(r)e — (v + we)(x + ye) 8 . 

This is equivalent to /5j(r) being an element of the ideal generated by s^ 1 . Now assume g > 
1 since otherwise no conditions are being imposed. Since X is a curve, Y is a surface, and 
df is injective at p, the condition on $ says precisely that the image of $ in H (Ui,Af\ui) 
vanishes to order at least g — 1 at p. This finishes the proof. □ 

Proposition 2.1 implies that the deformation theory of twisted stable maps £ — > P|, r 
from smooth twisted genus curves € is equivalent to the deformation theory of maps 
C — > P 2 from smooth rational marked curves C with contact conditions imposed at the 
markings. This explains the importance of the above lemma, as well as the following two 
results of Caporaso and Harris. 

Let 7r : C — > B be a smooth, proper family of connected curves over a smooth base -B , 
let / : C — > P 2 be a morphism, and let 6 G 5 be a general point. Assume that no fiber of 
7r maps to a point under /. Let Mb be the cokernel of the differential df b : Tc b — > f b Tp2, 
which is injective by hypothesis. We have a morphism re 6 : T b B — > H°(Cb,Afb) induced by 
the family of morphisms C^BxF 2 , and this is often called the Horikawa map in light of 
Horikawa's foundational work [Ho]. 

Lemma 2.4 [CH, 2.3] Let b G B be a general point and assume that f\ maps Cb bira- 
tionally onto its image. Then 

lm(K b )nH°(C b ,(Afb)tors)=0. 

Let Q C C be the image of a section of ix such that f*D has multiplicity m along Q. 
Let q = Q fl C b . Let £ — 1 be the order of vanishing of df b at g. 

Lemma 2.5 [CH, 2.6] For any v G T b B , the image of K b (v) in H (C b ,J\f b /(J\f b ) tors ) van- 
ishes to at least order m — £ at q and cannot vanish to any order k with m — £ < k < m . 
If f(Q) is a point, then it vanishes to order at least m at q. 

We combine these results with the existence of a perfect obstruction theory [Ca2, §3.1] 
to prove the following. 

Theorem 2.6 Let e be the expected dimension of 3Co,n(Pi> r , d, g) , which is given by equation 
2.2, and assume e > , d > , and Qi > for all i. The substack n (P|, r , d, g) is 
generically smooth of dimension e. At a general point of any irreducible component of 
(P|, , d, g) , the corresponding map f : C — > P 2 of coarse moduli spaces satisfies the 
following. 

1. The multiplicity of f*D at the ith marked point is g^. 

2. There are precisely (d8 — Yl i)l r P ^ 3 where f*D has multiplicity r. 
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3. If e > 3 , then f(C) has at worst nodal singularities, none of which lie on D . 

Moreover, for any irreducible component % C %^ n (F 2 D ^, d, g) , every evaluation map % — > D 
corresponding to a twisted marking is surjective. 

Proof: Let % C 3Cq (P|> , d, g) be an irreducible component, given the reduced induced 
structure. Let B C % be a representable, smooth, dense open substack. Such a substack 
exists because the general stable map in % has no automorphisms. Let b e -B be a general 
point. Let 7r : C — > be the coarse moduli space of the universal twisted curve over 5, 
and let / : C — > P 2 be the morphism induced by the universal morphism into P 2 ^ r . Let 
ft, : C;, — > P 2 be the restriction to the fiber over 6. Let t be the number of points in the 
support of f b *D and let their multiplicities be m 8 . 

We have the following. 

e < dimT b B < 3d - 1 - ^(m, -l)=3d-l-d£ + *<e (2.3) 

The first inequality follows from the general fact that the dimension of a stack is greater 
than or equal to its expected dimension under a perfect obstruction theory. For the second 
inequality, note that T^B injects into H (Cb,Mb) , that C& is rational, and that the degree 
of Mb is 3d — 2. Then apply Lemmas 2.4 and 2.5 (note that we use e > here). The final 
inequality follows from equation 2.2 since the multiplicities of f*D are bounded below by 
either the contact types ft or by r. 

So each inequality in equation 2.3 must be an equality. From the third inequality, we 
deduce that t — n + (dS — ^ Qi)/r which implies statements 1 and 2. From the second 
inequality, we deduce that (A4)tors = 0. Combining these facts with Lemma 2.3, it follows 
that 3Cq (P|, , q) is generically smooth of dimension e. 

We have shown that the first order deformations of fb : Q, — > P 2 corresponding to vectors 
in TbB are the sections of Mb which vanish to order Qi — 1 at a marked point and to order 
r — 1 at an unmarked point in f b ~ 1 D (we call these sections admissible) and that any such 
first order deformation extends to a deformation over a curve. Surjectivity of the evaluation 
maps % — > D now follows from the fact that a section of Mb vanishing to order ft — 1 at 
the ith marked point cannot fix its image by Lemma 2.5. 

For statement 3, since Mb has no torsion it suffices to show that at most two points of C b 
map to the same point in P 2 , that their tangent directions are distinct, and that at most one 
point maps to the same point of D. For the latter, if two points map to the same point of 
D , with orders of contact m\ and m 2 , take any admissible section of Mb vanishing to order 
m 1 — 1 at the first and m 2 at the second (we use e > 2). The corresponding deformation 
separates the two points by Lemma 2.5. For the former, if three points map to the same 
point of P 2 , then since e > 3 there is an admissible section vanishing at two of the points 
and not the third. Finally, if two points map with the same tangent direction, take any 
admissible section which vanishes at one of the points but not the other. □ 

2.3 Maps from nodal twisted curves 

In this subsection, we discuss deformations of twisted stable maps which preserve a node. 
This is only needed for section 5, where it is shown that the Gromov-Witten invariants of 
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P|) 2) which were computed in [Ca2], are enumerative if D is a smooth cubic. 

Recall some facts about stable maps into a scheme. An arbitrary source curve can be 
described as the result of identifying pairs of points on a smooth proper curve C such that 
the resulting curve C is connected. For any scheme X , a morphism C — > X is the same 
as a morphism C — > X which sends each pair of identified points to the same point. In 
other words, C satisfies a universal property with respect to C. For curves C over an 
arbitrary base scheme S together with two disjoint sections s±,S2 : S — > C in the smooth 
locus of C — > S , there is a clutching construction which produces a curve C over S and 
an S -morphism p : C — > C which is universal for morphisms of schemes / : C — > X such 
that / o si = f o s 2 [Kn, §3]. Because of this, it is clear how to deform a stable map while 
preserving a node in the source surve. 

Such a construction is required for twisted stable maps. Given a (possibly disconnected) 
twisted curve € — > S , an etale gerbe E — > 5 and two closed embeddings Si, s 2 : E — > <£ in 
the smooth locus of £ — > 5, it would produce (at least etale locally on S 1 ) a twisted curve <£' 
over S , an S-morphism p : £ — > (£', and a 2-morphism a:j)osi =>- pos 2 such that the 
pair (p, a) satisfies a universal property. To construct €' , one can use Olsson's description 
of twisted curves [01]. So it remains to prove the universal property in some 2-category 
(which hopefully contains smooth Deligne-Mumford stacks of finite type over C). 

While this is undoubtedly the "right" way to approach deformations of twisted curves 
preserving a node, we adopt a more economical approach here. Since our application is to 
genus stable maps, we only treat disconnecting nodes, and we use that fact that P|, has 
an open cover by substacks which are global quotients of a scheme by fi r . [Cal, 2.15]. 

Classification of twisted curves. An n-marked twisted curve over C is determined up 
to isomorphism by a projective, connected curve C having at worst nodal singularities, a 
finite set of distinct smooth points pi, . . . ,p n G C (the markings), and a labelling of each 
marked point and node by a positive integer. One could construct the corresponding twisted 
curve by gluing open substacks which etale locally look like 

1. [Spec C[x}/ fi r ] , t ■ x = t" x x, at a marked point and 

2. [Spec C[x,y]/(xy)/ fj, r ], t ■ x = t _1 x, t ■ y = ty, at a node [AV, §2.1]. 
This classification also follows from [01, 1.8]. 

Normalization of a node. Let £ be a twisted curve over k with coarse moduli space 
C . For any node x G C , there is a twisted curve £ which normalizes x. In general, the 
normalization of a reduced stack is defined by taking a groupoid presentation R =4 U and 
normalizing both R and U [Vi, 1.18]. If R^U is a presentation of £, then £ is obtained 
by normalizing only the preimages of x in R and U . 

We recall some facts about ordinary prestable curves. Let B be a variety and let Hi : 
Ci — » B , for % — 1, 2, be two prestable curves over B with sections Sj : B — > C, which don't 
meet the singular locus of the projections 7Tj. Then there is a prestable curve 7r : C — > B 
and S-morphisms : C, — > C such that 

1. pi o Si =p 2 ° s 2 , 
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2. if X is any scheme and fi : Cj — > X are any morphisms such that /i o s 1 = / 2 o s 2 , 
then there is a unique morphism / : C — > X such that / ° Pi = fi, 

3. and for every geometric point b E B, 7r 1 _1 (6) U 7r 2 ~ 1 (6) — > 7r _1 (&) is the normalization 
of the node pi(si(fe)). 

Moreover, C is unique up to isomorphism, and we say it is obtained by gluing C\ and C2 
along si and s 2 . This follows from [Kn, 3.4]. Conversely, if 7r : C — > is a prestable curve 
such that the singular locus of 7r contains a connected closed subscheme A C C which 
dominates fi, then there is a finite surjective morphism B ^ B, two prestable curves C\ 
and C 2 over fi and sections : fi — > in the smooth loci of the projections, such that 
C x B B is isomorphic to the curve obtained by gluing C\ and C 2 along s\ and s 2 . This 
follows from [Kn, 3.7]. 

Using these results, we can classify deformations of a twisted stable map that preserve a 
node. First, a word about what is meant by this. Ultimately, we want to know the dimension 
of an irreducible component of the space of twisted stable maps whose general source curve 
has a node, in terms of the dimension of the two irreducible components one obtains by 
separating this node. So we do not make things very precise, and in fact one must often 
take a base change or an open covering to go between the two types of deformations. 

Let <t be a connected balanced twisted curve over C, let C be its coarse moduli space, 
and let x E C be a separating node. Let F : € — > F 2 D r be a representable morphism and 
let / : C — > IP 2 be the induced morphism. Let £1 and £ 2 be the connected components 
of the normalization of C at x, let Cj be the coarse moduli space of €j, let Xi E be 
the preimage of x (viewed as a marked point), let fij : <£j — > P|, and /j : Cj — > P 2 be 
the induced morphisms, and let & be the contact type of Fj at Xj. If /(x) G" fi, then the 
node is untwisted in (C, and it follows from Knudsen's results that a deformation of fi which 
preserves the node x and the condition that /(x) G" fi is equivalent to a pair of deformations 
of Fi and F2 which preserve the condition /i(xi) = ^2(^2) ^ fi- 

Now suppose that /(x) G fi. Then the contact types must be complementary — f?i + f?2 = 
(mod r) — because of the balanced condition. We claim that a deformation of F which 
preserves the node x and the condition /(x) G fi is equivalent to a pair of deformations of 
F\ and F2 which preserve the condition /i(xi) = ^2(^2) G fi. To see this, let fi C P 2 be an 
open set containing /(x) such that Cp2 (fi) is trivial on fi and let fi — > fi be an r sheeted 
cyclic covering which is totally ramified along D (1 U (this is obtained by taking the rth 
root multisection of the tautological section vanishing on fi). Then pL r acts on fi and the 
stack quotient [fi//i r ] is canonically identified with P|, x P 2 fi (see [Cal, 2.4,2.15]). Given 
a deformation of fi to a family of maps 

(n,F):€^BxF 2 Dir 

which has a closed substack Ac£ contained in the singular locus of 71 and containing x, 
let V C € be the preimage of fi. The fiber product V x P ^ fi is a curve over fi since fi 
is representable. One obtains the deformations of F\ and F2 by normalizing the preimage 
of A in V x P 2 fi and taking stack quotients by /x r . 
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Conversely, if we are given deformations of F 1 and F 2 over a variety B , then we take 
analogous fiber products and simply need to glue the resulting curves to form nodes. So we 
have curves C{ over B and subschemes dj C Cj. These subschemes are finite and etale over 
B of degree equal to the greatest common divisor of r and g±. In fact, they are the total 
spaces of principal bundles over B having cyclic structure group. So after an etale base 
change on B we can assume they are trivial. On the fibers over the special point b G B 
(corresponding to the original map F) we are given an identification of o\ with a 2 . This 
extends uniquely to an isomorphism o\ — > o 2 over B . Thus the curves can be glued to a 
curve C using Knudsen's construction. Since we assumed that the condition f{x\) G D is 
preserved by the deformation, and since P — > U is totally ramified over D , the morphisms 
Ci — > P extend to a morphism C — > P. Now taking the stack quotient of (7 yields the 
required deformation of F . 



3 Intersection numbers on 9C ^ n (F 2 D r ,d,g) 

In this section we prove an analogue of a formula of Caporaso and Harris for rational 
plane curves having prescribed tangencies with a smooth plane curve of positive genus. 
Throughout this section we fix a plane curve D of degree 5, positive integers r and d, and an 
n-tuple of integers g±, . . . , g n such that 1 < ft < n and ^ Q% — d5. Let DC = X 0:n (F 2 D r ,d,g). 

Let A* (DC) to denote the operational Chow ring of DC [Vi]. We define AT 1 (DC) to be 
A 1 (DC) modulo the equivalence relation a\ = a 2 if for all b E Ai (DC) , 

/ ai fl 6 = / a 2 fl 6. 

Let C be the universal coarse curve over DC. By this we mean that we have a representable 
morphism C — > DC such that for every morphism i? — > DC from a scheme -B, the pullback of 
C to i? is canonically isomorphic to the coarse moduli space of the pullback of the universal 
twisted curve to B. So we have the following diagram. 

TT 

DC 

We define classes h, xi, ■ ■ ■ , Xn £ iV^DC) as follows. Let h = 7r*(/*p) , where p G A 2 (P 2 ) 
is the class of a point and 7r* is the proper, flat pushforward. In the notation of [Fu, §17], 
this equals ir*(f*p ■ [it]), where [n] is the orientation class. Let x% = e *iVi where : DC — > D 
is the ith evaluation map and p G N 1 (D) is the class of a point. 

The following relation between these classes leads to the analogue of Caporaso and 
Harris's formula. 

Proposition 3.1 If r > dS , then 

n 

i=\ 
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Proof: First we derive the key consequence of the hypothesis r > dS and in doing so fix 
some notation. Let F : <£ — > F 2 D r be a twisted stable map over C which lies in X, and let C 
be the coarse curve of £, and let g : C — > IP 2 be the induced morphism. Let Ob ^ j ... j Ob t 
be the marked points and let yi, . . . ,y m be the twisted nodes of £ which lie on at least 
one component of £ which maps with positive degree. By renumbering the markings if 
necessary, assume that x±, . . . ,Xk lie on components of £ which map with positive degree 
and assume that Xk+i, . . . ,x n lie on components which map with degree 0. 

First note that no twisted node y^ can lie on two components which map with positive 
degree. Indeed, since the contact types of on the two components must add to r, it would 
follow that the pullback of D to the normalization of C has degree at least r , contradicting 
r > d5 . So each lies on a unique component mapping with positive degree. Let <7j be the 
contact type of on this component. For the same reason, the contact types o~i for all % 
and Qj for 1 < j < k are equal to the intersection number between D and the component 
of C at the given point. 

Suppose that A C {k + l,...,n} is the set of markings lying in a fixed connected 
component of g~ l (D) and suppose that B C {l,...,m} is the set of nodes lying in the 
same component. We claim that 

ieB jeA 

That they are congruent modulo r follows from the fact that the sum of contact types at all 
twisted points lying on an irreducible component mapping with degree must be a multiple 
of r, together with the fact that the two contact types at a node sum to a multiple of r. 
From this congruence, equality is deduced from the fact that both sides are between and 
r — 1 . 

To show that h — QiXi > it suffices to show that for any one dimensional integral closed 
substack V C X, J v h = Qi J v Xi- It also suffices to replace V with its normalization. Let 
Cy be the restriction of the universal curve to V . Then J y h = J Qv fyp = | p2 j»n (/y)*[Cy] 
which is the degree of fy . There exists a finite, flat base change W — > V such that every 
irreducible component of Qw is generically irreducible over W (hence generically smooth). 
Replace V with W . 

Now we use the notation introduced at the beginning of the proof, where we take F : 
£ — > P|, to be the map corresponding to a general point of V . For each node y i: there 
are two irreducible components of Cy which contain y^ , and the intersection between these 
components is a section ti : V — > Cy . Let Sj : V — > Cy be the section corresponding to the 
ith. marking. The degree of /y can be computed by (fv)*(fv)*[D] = (deg(/y))[D] . This 
shows that 

k m 

deg(/y) = ^2 6% deg(/y o Si) + ^ deg(/y o U). 
i=i i=i 

Here the morphisms on the right hand side are viewed as going from V to D. The first 
summation is Yli=i6i jyXi- It follows from equation 3.1 that the second summation is 

EIU+i & JyXi- D 

Now we define intersection numbers on the stack %Q n {¥ 2 D r1 d, g) . First we introduce 
some notation. If a = (a±, . . .) is a sequence of positive integers with all but finitely many 
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equal to 0, then let \a\ = X) a i> la — ^ioti, and a\ — Yl a i- 

Definition 3.2 Let a = (an,...) and {3 = ((5\, . . .) be sequences of positive integers with 
all but finitely many equal to 0. Let n = \a\ + \/3\, let g be an n-tuple of positive integers 
such that Qj = i for a 1 + . . .+ ctj_i < j < a 1 + . . . + at and for la + (3± + . . . + < j < 
la + (3\ + . . . + f3i, and choose r so that r > d5 . Let D be a smooth curve of degree 5 such 
that d5 — la + 1(5 . If the expected dimension of 3Q| (P|, , d, g) equals e > max(l, \a\) , 
then we define 

\a\ 



Xi- 



These numbers all have enumerative significance according to the following proposition 
(hence are independent of r). When we say that a curve has a specified ith order contact 
with D, we mean that we have chosen a general point of D and require the curve to have 
an ith. order contact with D at this point. 

Proposition 3.3 N®(a,f3) is the number of rational degree d curves passing through e — Ia 
general points, having ai specified i th order contacts with D , and having f3i unspecified i th 
order contacts with D . If e > 3 or d < 2, then these curves have at worst nodal singularities, 
none of which lie on D . 

Proof: Let Q e ~ Ia be the (e — la) -fold product of the universal curve with itself. We 
have a morphism 

given by evaluation at marked points. The integral in Definition 3.2 is equal to the degree of 
F . We can throw away the boundary of Q e ~ Ia to get a proper morphism of smooth schemes 
U — > V , whose degree equals the integral in question. Given a curve satisfying the stated 
conditions, there are f3\ such twisted stable maps, because the marked points corresponding 
to unspecified contacts can be relabeled arbitrarily. Now the proposition follows from generic 
smoothness, together with Theorem 2.6. □ 

Now we come to the main theorem of this section. Let be the sequence with all but 
the kth. entry 0, and the kth. entry equal to 1. 

Theorem 3.4 If e — la > , then 

N°(a,(3)= Yl kN°(a + e k ,P-e k ). 

k:(3 k >0 

Proof: If j is chosen so that Qj = k and j > la, then 

N?( a + e k ,0-e k ) = ^ [ h e -^.f[ Xl . Xr 

Therefore, it suffices to show that in A^ 1 (3Cq n (^ 2 D r , d, g)) , we have h = Y^i=iQiXi an d 
Xi — 0. The latter equality is obvious, because if one chooses two distinct points of D , then 
their preimages under : %Q n (F 2 D r , d, g) — > D are disjoint. The former equality follows 
from Proposition 3.1. □ 
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4 Derivation of the main result 



Let E C P 2 be a smooth cubic. Let d be a positive integer and let a, 6, c be nonnegative 
integers such that a + 2b + 2c < 3d and a + 26 + c<3d— 1. We define N d (a, 6, c) to be 
Nf((a, b), (3d — a — 2b — 2c, c)) . As a convention, we'll say that N d (a, b,c) =0 if any of the 
above hypotheses are not satisfied. Our recursion for these numbers will show that they are 
independent of E. 

From Theorem 3.4 we have 

N d (a, 6, c) = N d (a + 1, b, c) + 2N d (a, b + 1, c - 1) if a + 2b + c < 3d - 1 and a, b > 0. (4.1) 

To apply this formula, we define a family of functions P d ' c : Z — > Z by 

p]' c (t) = jV d (3d _ i _ 2ft - c - f , 6, c). 

The parameter t is equal to the exponent of /i in Definition 3.2, so it equals the number of 
general points in P 2 through which the curves are required to pass. This function vanishes 
outside of the interval max(0, c — 1) < t < 3d — 1 — 2b — c. 

Let A be the difference operator defined by AP(£) = P(t + 1) — P(t). Then equation 
4.1 can be rewritten as 

AP^' c (t) = 2P* +1 ' c - 1 (t) if < t < 3d - 2 - 2b - c and b > 0. (4.2) 

This equation implies that the restriction of P^' c to the interval < t < 3d — 1 — 2b — c 
agrees with an integer polynomial Q d of degree at most c. If 2b + 2c ^ 3d, then there 
are at least c + 1 integers in this interval, so Q b d ,c is uniquely determined by P d c ■ If 
2b + 2c = 3d, then equation 4.1 becomes N d (0, b, c) = 2iV d (0, b + 1, c - 1) , so N d (0, b, c) = 
2 c ~ 1 iV d (0, b + c — 1, 1) , which translates into 

* c ( C -i) = 2 c - 1 gr c " 1,1 (o). 

The general solution for Q d c {t) below satisfies this equality. 
Since Q d c (t) has degree at most c, we can write 

Q b /(t) = a + ai ( c _ i) H h ftc - 

Since Q b d c (t) = for < £ < c— 2, we have ccj = for i > 2. We claim that a± = 2aQ. Since 
A(*) = A( c ^ 1 ) , equation 4.2 reduces to the case c = 1 . In that case Q b d l (t) = a^t + ol\ and 

Q b d +l '°(t) = a /2. So we have reduced to showing that Q^iO) = 4<5^ +1 '°(0). Translating 
into the notation of Definition 3.2 and replacing b with 6 + 1, this says the following. 

Proposition 4.1 If a + 2b = 3d, then 

Nf{{a, 6-1), (0, 1)) = 4ATf ((a -1,6), (1, 0)). 
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Proof: Let E a+b -> Pic M £ be the morphism 

(x 1 ,...,x a ,y 1 ,...,y b ) i-> E (^x i + 2^y i ). 

Let 5 C _E a+6 be the preimage of [C?^(d)], where O e (1) is the restriction of 0^(1) to 
-E. Let pi : S ^ E , 1 < i < a and ^ : S — > -E , 1 < i < 5 be the projections onto 
the coordinates and respectively. Let pi : 5 — > E a+b ~ l and g« : 5 — > E 11 ^" 1 be the 
projections onto the complementary factors. Then the following diagrams are fiber squares. 



Pa 



JT}a+b- 



E — ^Pic^-E?) 

Here the right arrow is the composition of E a+b ~ l 
Pic^E -> Pic 1 ^) sending [£] to [0 E {d) <g> C' 1 ] . 



Pic M 1 {E) with the morphism 



P6 



fia+b-1 



Pb 



E -Pic 2 (£) 

Here the right arrow is defined similarly to above and the bottom arrow is the squaring 
map. Letting S — > E a+b be the projection, it is now clear that Nf((a — 1, b), (1, 0)) equals 
the number of rational degree d curves passing through a general divisor in the image of S . 
Since we have shown that p b is an etale degree 4 cover, it follows that N d ((a, b — 1), (0, 1)) 
is the number passing through any of 4 such divisors (while the divisors are not general with 
respect to each other, they can all be chosen to lie in a given dense open subset of S). □ 



From all this, it follows that there exist numbers K d such that 



N d (3d -l-2b-c-t,b,c) = 2 c K b d +c 



t 



(4.3) 



In fact, K b d +C is an integer whenever 2b + 2c ^ 3d, since then K b d +C = A^(0, b + c, 0). If 
2b + 2c = 3d, then K b+C must be in \Z. 

In the next section we show that the numbers N d (a, 0, c) equal the Gromov-Witten 
invariants of f 2 E2 which were computed in [Ca2]. From that computation we obtain the 
base cases 

K* = K\ = 1, K\ = I 



and recursion 5.7 from [ibid] leads to the following recursion for the coefficients K\. 



K {b) f (b)_ V- „(&!) K (b 2 ) Jbi) f (b 2 ) 
n d Jd — "di n d 2 Jdi Jd- 



b x +b 2 =b 
d\+d 2 =d 



***** 



3d-4-b 
2-6i 



d\d 2 



3d - 4 - b 
3d! - 1 - 61 



+ 



(4.4) 



E K (bi) K {b 2 ) Abi) ,(62) b 
K d, A d 2 Jd, Jd 2 a d 



b 1 +b 2 =b-l 
dx+d 2 =d 



2dxd 2 



3d-4-b 
3di - 2 - 61 



d\ 



3d - 4 - b 
3d! - 1 - 61 



3d - 4 - b N 
3<ii — 3 — b\ , 
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where 

JS = (3rfi- 260(3^- 26a) (3rf 2 -l) 

3d 2 (3d 2 -I-62) ' 1 ' J 

In the sums, are positive integers and 6j are nonnegative integers. The recursion is only 
valid for values of b and d not covered by the base cases, and we set ff^ 1 and to be 
whenever their denominators would make them undefined. 



5 Enumerativity of certain Gromov-Witten invariants 

Let p G iV 2 (P 2 ) be the class of a point, a € N°(E) be the fundamental class, and (3 € N 1 (E) 
be the class of a point. We use the notation Id(p k a e (3 m ) to denote genus Gromov-Witten 
invariants of P|; 2 , as in [Ca2] . This section is devoted to proving the following. 

Theorem 5.1 Given integers a, c, d such that d > , a,c > , a + 2c < 3d, and a + c < 
3d -I, 

N d (a,0,c) = 1 I d (p 3d - 1 - a - c a 3d - a - 2c f3 a ). 

[3d — a — ley. 

Moreover, this is the number of rational degree d plane curves passing through 3d—\ — a — c 
general points off 2 , passing through a general points of E , and having c tangencies to E. 
These curves have at worst nodal singularities, none of which lie on E . 

It is convenient to replace the contact type g with the number of twisted marked points, 
and assume the markings are ordered so that the twisted markings come before the untwisted 
ones. So let X 0jn (¥ E ^ d, m) = X 0:n (F 2 Et2 , d, (1, . . . , 1, 0, . . . , 0)) , where there are m ones and 
n — m zeros. The expected dimension of 3C , n (P 2 ?^ , d, n) is 

3d — n 
n+— 1. 

The number of tangencies being imposed is (3d — n)/2, and must be an integer. Therefore, 
the expected dimension is at least equal to 1 and is at least 3 if d > 3 . 

Recall that Gromov-Witten invariants are defined to be integrals over X 0tn (F 2 E 2 , d, m) 
[Ca2, §2.3]. By Theorem 2.6, the closed substack Xq n (F 2 E 2 , d, m) has the expected di- 
mension, and therefore the restriction of the virtual fundamental class to Xq n {F 2 E 2 , d, m) 
is the ordinary fundamental class. It follows from the definitions that the contribution 
of Xq n (¥ 2 E 2 , d, m) to the Gromov-Witten invariants gives precisely N d (a,0,c). In light 
of Proposition 3.3, it remains only to show that the remaining irreducible components of 
3Q),n(P|;,2) d, m) do not contribute to the invariants. For this we need the following lemmas. 

Lemma 5.2 If X C X 0jn (F E 2 ,d,n) is an irreducible component whose general point cor- 
responds to a stable map f : <£ — > F E 2 with £ smooth, then the associated map of coarse 
moduli spaces f : C — > P 2 maps C birationally onto its image. 
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Proof: Suppose that C does not map birationally onto its image. Let C be the normal- 
ization of the image of / , so that / decomposes into 

C — C — P 2 . 

The morphism h corresponds to a representable morphism <t — > P|, 2 from a smooth twisted 
curve €, which on the level of coarse moduli spaces equals h. The point of £ lying over a 
point x G C is twisted if and only if k := mult a; /*.E is odd. Likewise, the point of C lying 
over g(x) is twisted if and only if £ := mu.lt g ( x )h*E is odd. Since g is ramified to order k/£ 
at x , it follows that g lifts uniquely to a representable morphism <T — > £ which factors / . 

Let e be the degree of h and let m be the number of twisted marked points on (£. We 
have shown that h : (£ — > P|; 2 lies on an irreducible component of 3Co, m (P|; 2 , e, m) which 
has the expected dimension (3e + m)/2 — 1. Moreover, the dimension of % is at least equal 
to the expected dimension, which is (3d + n)/2 — 1. Since we assumed that / : € — > P|; 2 
was chosen generally, we must have 3e + m > 3d + n. Since m < 3e, we have 6e > 3d, so g 
must be a double cover and 6e = 3d, so m = 3e and n = 0. Since C and C* are rational, g 
is ramified at exactly 2 points. But <? must be ramified over every twisted point of <L, which 
is impossible. □ 

For each untwisted marking we have an evaluation map %o tTl (F 2 E 2 ,d,m) — > P 2 , and for 
each twisted marking an evaluation map 3Co, n (P|; 2 , d, m) — > E. In the following proof, 
we use the result of section 2.3, which compares deformations of a twisted stable map to 
deformations of the pair of maps obtained by normalizing a separating node. 

Lemma 5.3 Let % C %o >n (F 2 E 2 ,d,m) be an irreducible component. Let /:(£—> Pf^ 2 be a 
general map in % and let r be the number of nodes of C Let ev : % — > (p 2 )™~ m x E m be 
the product of all evaluation maps. Then 

dim{ev{%)) + r < edim(DC). 

Moreover, each evaluation map is surjective, except possibly for evaluation maps correspond- 
ing to untwisted markings which lie on a component of <£ mapping into E with degree . In 
the latter case, the evaluation map surjects onto E . 

Proof: We prove this by induction on r. First assume r = 0. If d — 0, then a simple 
calculation shows that edim(DC) > 1 and edim(DC) > 2 if there are no twisted markings. 
The surjectivity of evaluation maps in this case is clear. If d > 0, then Lemma 5.2 implies 
that % C %Q n (F E 2 ,d,m) . So the result follows from Theorem 2.6 if it is shown that 
untwisted evaluation maps % — > P 2 surject. If not, then the image is at most 1-dimensional, 
so by forgetting all untwisted markings we would have a component of %Q m {P 2 E 2 ,d,m) of 
dimension . But this contradicts the fact that the expected dimension is (3d+m) /2 — 1 > 1 . 

For the general case, note first that € has no nodes between components which map with 
degree 0. If such a node maps to a point not in E, then this follows from the irreducibility 
of Mo,n- If the node maps into E, then it follows from the fact that %o tn (Bfi 2 ) is flat over 
M ,n [ACV, 3.0.5]. 
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Suppose that £ has a node x lying on two components which map with positive degree. 
Let £1 and (£2 be the twisted curves resulting from normalizing x, and let %i and X 2 be 
the irreducible components of the stack of twisted stable maps in which f\^ 1 and f\^ 2 lie 
(we take the preimages of x to be marked points). By induction, the result holds for X± and 
%2- If x is untwisted, then ev(X) = ev(X\) x P 2 ev(X 2 ), where the morphisms to P 2 are 
projections onto the factor corresponding to the preimage of x. Since these evaluation maps 
are surjective, it follows that dim(ev(X)) = dim(ew(DCi)) + dim(ev(X 2 )) — 2. Moreover, 
edim(DC) = edim(Xi) + edim(3C2) — 1, so it follows that dim(ev(X)) + r < edim(DC) . The 
surjectivity of evaluation maps also follows by induction. 

If x is twisted, then replacing P 2 with E we find that dim(ev(X)) = dim(et> (Xi)) + 
dim(ev(X 2 )) — 1, and a calculation shows that edim(3C) = edim(3Ci) + edim(3C 2 ) . So the 
result follows in the same way. 

The other case to consider is when the node x joins a positive degree component with 
a degree component. Then the above argument will fail if the degree component maps 
into E and the node is untwisted. However, in this case the condition that the preimage of 
x in £1 maps to E imposes a nontrivial condition on the space X\ , and since the evaluation 
maps at least surject onto E, it follows that dim(ei>(3C)) = dim(et>(3Ci)) + dim(et> (3C 2 )) — 2 
anyway. Everything else works as before. □ 

We now return to the proof of Theorem 5.1. If X C Xo tn (F^ 2 ,d,m) is any irreducible 
component which is not in X$ n (^% 2 , d, m) , then by Lemma 5.2 we have r > in the 
notation of Lemma 5.3. Therefore, dim(ev(X)) < edim(3C) for all irreducible components 
not in DCq n (P|; 2 , <i, m) . But this implies that the pushforward of the virtual fundamental 
class of 3C , n (P|; 2 ,d,m) under ev equals the pushforward of its restriction to Xq n (P|, r ,d,m) 
(which is well-defined, since the latter has the expected dimension). This implies that 
irreducible components not in X^ n (F 2 E 2,d,m) do not contribute to the Gromov-Witten 
invariants. 

Remark There exist irreducible components of X 0in (P% 2 , d, m) having greater than the 
expected dimension. One way to see this is to consider maps from a twisted curve with two 
irreducible components, one of which maps with degree and contains at least 5 twisted 
points. 
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